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Abstract—In this paper, we give E. Noether's symmetrical theorem in Kadic and Edelen’s gauge
theory of defect continuum and from this theorem obtain easily the ficld equations of defect
continuum. The conservation law under the space translation group is applied to the study of the
fracture of materials.

INTRODUCTION

The subscquent development of defect theory can be divided roughly into three periods.
The third period covers the years after 1978, In this period, the theory was developed for
gauge theory of defects which contains two parts, namely the Lagrangian and geometrical
theory.

In the Lagrangian gauge theory of defects, the carliest paper was published by Fa
(1978). Later, there were papers published independently by Fa (1981), Golebicwska-
Lasota (1979) and Kadic and Edelen (1983). Among them, there were some works on
transformations of the ficld equations and characteristic quantitics of dislocation which
made them invariant. In the gauge theory of defect continuum, the symmetrical theorem
and the conservation laws have not been discussed. In particular, their application to
studying fracture of materials is not found.

In this paper, we give Nocther’s symmetrical theorem and the conservation Jaws on a
gauge theory of defect continuum. The conservation law under the space translation group
is applied to studying fracture of materials. A new conservation integral may be constdered
as an extension of Eshelby's energy-momentum tensor to @ more general case.

PREPARED KNOWLEDGE (KADIC AND EDELEN, [983)
Let 3 (a = 1.2.3.4) be the global coordinates of the reference configuration and y* = ¢
be time, the generalized spatial coordinates of the local coordinate system are
F=(h o) = (X Dt

The generalized Cauchy strain tensors are

C‘uh = au'{‘r * eh‘.: = auxT - ahx = Cuh- (l)
Therefore, L(C,,) = L(C.s). where L is the Lagrangian of a classical elastic ficld. The
Lagrangian function L(C,,) is invariant under the global gauge group Gy = SO(3) > T(3),.
Let us now consider the local gauge invariance. According to the gauge theory (Abers

and Lee, 1973). we introduce the gauge potential W and ¢ such as

Bl = a5 +yi X Wi+l (2)

where 4 = 1,2, 3.
The Lagrangian function of defect continuum can be written as
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L=L,-5L,-S.L: (3)
where

L, ='6,D%K“K"D", (4)
and

L, ='CyFug“g"Fl, (3)
in which

g = 0" gM =10 ¢"=0. fora#bh

and

K'Y= 5" KY=1/8 K*=0. fora#bh

S, and S, are coupled constants. C,,; are the components of the Cartan -Killing metric of
the subgroup SO(3). L, and L, arc the Lagrangian functions of the ¢- and W-ficlds,
respectively.

For the disclination ficld, we have

Fo= W5 =0 W+ Clines, (6)
For the distocation field, we have
Dy = Qs = Qb+ (Wbl = WEPT+ 11T, (7
Therctore, the total Lagrangian function of deivet continuum is

L= LO0 WLl dls) (8)

Tt

where ' are reference coordinates, and «*, 1%, are field quantitics. The total Lagrangian
function is invariant under the group ¢ = SO(3) > T(3). Theretore, the action functional

follows as

S = [ Ly 0 W W L pl) dV (9)
'

Y]

which is invanant under the local group (= SO3) > T(3).

THE SYMMETRICAL THEOREM

In this section, we give Nocther's symmetrical theorem of defect continuum,
We consider a continuous transformation group with one single parameter

R _l'““}‘f"']'*'ol”']:)

= g+ 03(n) (10)
W= Wi+ Pin+0i(y7)
$F = drAQn+04(n7)

—

-
Il

|

where i is a parameter, x = 1,23, ¢ = 1,2.3,4 and the quantities
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v cx* I % ( d)
f= L g=— L pl= o= . (Ih
s cn ln=0 g N jp=0 r cn dp-o 9 ('I n=0

It is obvious that we can obtain some kind of transformation group by assigning f*.
g>. p and ¢} some special values.

We give Noether's symmetrical theorem as follows (Konopleva and Popov. 1981).

If the action functional S has infinitesimal invariance under the local gauge group G.
there exists

dl‘ ) + dL )”1 ‘L ;’bx J" (lﬂ)
O.\‘ - OX* SH 1( ()(/),7(( 0= " -
where
J! FL>"+ ) I+ ‘L S (13)
= --—0X — Oy, :
o O T A O T G
OLIOX = Lo —(OL/oXY)
SLISW = PLIOW, = (PLICW L), (14)
OL/Sepy = CLICH, = (CLICD],) p
and
Xt = Ax - LAY
S = AW - W Ay (13)

Sy = Al — Pl AN

Proof. If the action tunctional S has infinitesimal invariance under the local gauge
group G, we huve

AW WL A AN b+ ADL DL+ AP, AV

v

j LOW+HAY N +AV LA

=JuﬂfﬁlwfdhbMMMi
I

Since the transtormation of the volume clement s
1 =1+ Ay, 1 dV
and

L+ Ay, X+ A X+ A, B AWV W A, b2+ AdE b2+ Ad,)

2 3 ) A

= L+ *‘ A.\'.’a+ A({’ + . A‘buh'
§

AW
”+ (i)u 6’11\

oL
— AW
oW u;h "”+ (

Eyry
X

According to the infinitesimal invariance of the action functional we obtain
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ok Loaer Eans 5 aun s Fass Foashnav, -0
” 1 B ;L ‘,/n ah T (‘,(z')j (DJ+ ("(bjlh (Duih+ ( 1 )‘.1 -
or
cL cL cL cL cL
o AW AR 4 Loagre L ap
c’x’Av + c’x:AY + BTH R o b f) i+ (b:,h bin

cL cL cL . cL
L(Ay) .. — (5"-".1‘- Foan Nat s Wit o Wik

* * CHEOT AN,

a8y A
CcL ‘L
. < =A).
+ (ﬁ(z), b (blh pkl‘ht>A,l )

Finally. we have

O sy OL spim SL)/)+ (L).,+ L oy, 0L o
e OV E i Ot 0Pt a OV Gy 0t Ly 000 ) =0

Nocther's symmetrical theorem plays an important role in modern field theory. From it
we can obtain the field equations of defect continuum, the conservation laws and the
dynamical criterion of a singularity (dislocations or crack. cte.) motion.

Obviously, from Nocther's symmetrical theorem, the ficld equations deseribing defect

L < Ol > 0

axt Xt h

J L L 0 Y
cowr \ewr, ), (16)

L L
— = (.
ol Apon/n

In fact, the field equations, eqns (16), are the result of the symmetrical theorem. This
method is different from Kadic and Edelen’s theory,

continuum are given by

APPLICATION TO FRACTURE

[t is well known that Eshelby (1956) first gave a formula for the foree acting on a
general clastic singularity (Licbowitze, 1968) which is called the energy--momentum tensor.
The J-integral of Rice (1968) is equal to the 2-D form of it. Now, we may extend it to a
generalized case, a defect continuum, gauge theory of defects.

In order to give the application to fructure, we discuss the conservation law under the
space translation group. We define

Y=+ (7

as a spatial translation group, in which Cis a constant vector and & an infinitesimal quantity.
Thercfore

[P=0. [=C. g=p=q =0 (18)

Substituting the above into Noether's symmetrical theorem, egn (12), when x, ¥ and
¢ arc extremals, the conservation law under this group. can be given as
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Crack

Fig. 1. The closed surface surrounding the crack tip.

U S/ A (2L oy By L
wk o Yk RITEY bk T ST Phk T a\e 7Yk aws ¢h Iy

X

(19)

Integrating eqn (19). we obtain

. oL oL cL
L (L""* ~ i e Ve g “”) s

d oL cL
—_ e LX X
= d’JV <(‘\ R It : ”hk+ ‘f’ ¢hk>

The right-hand side of the equation is the energy release rate or the force acting on the
singularity (dislocation, crack, cte.). Here we mainly aim at the crack propagation foree, it
can be expressed by the left-hand side of the equation. Take a closed surface surrounding
the tip in Fig. 1. It consists of the free surtace of the crack tip n,, and a smooth surface n.
The total driving force acting on the crack tip is

. ol oL .
J; (L‘)"k - Xy, YT Wy Vis Bl /hu (/)M> (20)

Because the surtuce of the crack is free, the total driving torce acting on the crack can
be expressed by an integral as

. . oL N ol 5
Fe = ] Lo, - (-,_‘,:; A y ”/hu Wik— -’bhu (/’bk (21)

Therefore, we obtain a dynamical criterion of crack propagation in the defect continuum.
Let the critical driving or energy release rate ol a crack in the existence of dislocations and
disclinations be £,.. When

Fio > F,.

the crack starts to propagate. Fi. is a material constant. F, can also be written as

. ¢L S,
F, = J (L()‘,k - (;'[;l: X = () K [\th‘.l((bf,:.k +xﬂ.{,:u W2,)
n [, o

51
- x/f q”r qbdFul Wf’?.k)"u d\ (22

Because no fimitation is given to the particular form of Ly(B)). the above conclusion
has a generalized significance.
In the case of defect free materials £y is simplified as
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F. = l‘ (/L‘,o'“ - (:L:: x5 \V)nu ds. (23)

VTN (S J

[t is easy to prove thut £ 1s a conservational integral. [t can be rewritten as

n

Fk = ’ (L“O.J’\ Ol )n\: d\ (24)

v

Compared with Eshelby’s energy-momentum tensor (Konopleva and Popov. 1981 :
Rice, 1968) for the motion of elastic singularity

T‘uk = Ld.lk — Tallyk- (25)

F s an integral over the curved surtace of a crack which expresses the force acting on the
surfuce T in the direction of 3.
Let v = x. 7 =y, 1" = . projecting F; onto the x -y plane, we have

-

= j (L dy— T, dy).
1

T, = a0, is the driving force on L Itis the same as Rice's J-integral, the extension force
acting on a crack tip. Therefore, the F-integral given in Fa (1981) and Golebiewska — Lasota
and Edclen (1979) is the generadization of the clastic J-integral in the existence of dislocations
and disclinations, and the criterion of fracture given in this paper is the generalization of
the criterion of fracture on defect free materials.

DISCUSSION

Physical and mechanical rescarchers have been interested in treating the plastic region
near o crack tip and some problems of dynamics, From the viewpoint of the physical
mechanism of plastic detormation, the macro-plastic region was taken as the continuous
distribution of microscopic defects. By virtue of the field theory, we present the F-integral,
eqn (22).

In tuct, the gauge ficld theory of defect continuum is a ficld theory of generalized
continuum and Nocther's theorem, which various conservation laws are derived from, plays
an important role in modern ficld theory. FFor the static, the integral conservation laws are
some path-independent integrals. However, tor the dynamics, it s the same as the static,
¢.g. Fintegral (22) denotes the energy release rite or the total driving force acting on the
free surface of the crack, therefore defeet ficlds correspond to providing a resistance to
crack propagation.

In this paper, J-integral (10) 1s a special case of our F-integral based on the gauge theory
of defect continuum which is different from BCS and Yokobory's theory. In particular, the
macro-behaviours ot mechanics and the micro-mechanism of physics are connected by the
gauge theory of defects.
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